Homework 13 Solns

O Chapter 14, Section 7, Problem 56.

Find the inverse Laplace transform of the function F(p) = ﬁ by using

(7.16).
® Chapter 14, Section 7, Problem 62. )
Find the inverse Laplace transform of the function F(p) = p((};) ;11))2 by
using (7.16).
Solution:

@ We first find the poles of F(z)e* and factor the denominator to get

o o 6zt
F(z)e” = G- )—)(z11)"

Evaluating the residues at the four simple poles, we find

residue at z =1 is ezt
residue at z = —1 is e;
residue at z =1 is Z—Z
residue at 2 = —i is e;;t
Then by (7.16) we have
ft) = %t _ eT‘t _ Z_Z I e;t _ sinbtsing,

® We first find the poles of F'(z)e* and factor the denominator to get

P(z)e = Gl

Evaluating the residues at the two poles, we find

residue at z =0 is 1
residue at z = —1 1S — 4te?

Then by (7.16) we have

f(t) = 1—dte .
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O Chapter 8, Section 11, Problem 5.
Solve the differential equation y” + w?y = f(t), yo = yy = 0, with f(¢)
given by the functions in Figure 11.4, by the following methods.

(a) Use the convolution integral, being careful to consider separately the
three intervals 0 to ty, tog to ty + %, and ty + % to oo.

(b) Write f,(t) as a difference of unit step functions as in L25, and use
L25 to find L(f,). Expand ﬁ by partial fractions and use L28
to find y,(t). Your result should agree with (a).

(c) Let n — oo and show that your solution in (a) and (b) tends to the
same solution (11.5) obtained using the functions of Figure 11.3; that
is, either set of functions gives, in the limit, the same solution (11.11)
obtained by using the ¢ function. Note that, when you let n — oo,
you do not need to consider the interval ¢y to ¢y + % since, if t > t,
then for sufficiently large n, t > tg + %

® Chapter 8, Section 11, Problem 7.
Using the § function method, find the response of y" 4+ 2y’ +y = §(t — to)
to a unit impulse.

® Chapter 8, Section 11, Problem 11.

Using the ¢ function method, find the response of 4 dt4 —y=06(t—ty) to

a unit impulse.
Solution:

@ (a) Taking the Laplace transform of each term, substituting the initial
conditions, and solving for Y, we get

p2Y +w2Y - L(fn( ))
Y = m L)

According to L3, the inverse transform of p2—|1—w2 jg Sn (Wt) Therefore,

Y = L () L(£.(0).




According to L34,
t .
0

@)

if t<ty
75 (1 = cos [w(t — to)]) if to<t<to+i
L (cos [w(t —tg — 1) — cosw(t —ty)]) if to+1 <t
(b) We write f,(t) as a difference of unit step functions:
fa(®) =n (u(t —to) —u(t —to — +))
According to L25,

. e_tOp—e_(tOJ'_%)p
L(fu(t)) = n—=;

We expand m by partial fractions to get

1 1

p(P*+w?) T p .
Putting it all together, we have
Y = o m L(fa(t)

1 e~tor_e—(totw)p
p*Hw? p

n —top __ *(toJr%)p
PP +e?) <€ € ’

_ (1 _ _» —top _ ,—(tot+2)p
—n (- ts) (e -

=nNn <]_1)€—top — %6_(t0+%)p - pszQ e—top + pszz'e_(t0+’1‘)p)
According to L28, the inverse Laplace transform of
%e_topis u (t —to)
(oL :
%e (fo+3)p is cos (w (t — tg))u (t — to)
e s u(t—to—3)
1
me_(to+“)p iscos (w (t —to — 2 ))u (t —to — 1)
Therefore,
0 if t<ty

(1 — cos [w(t —ty)]) if tg<t<to+1

un(t) = 4 2=
L (cos [w(t —to — L) — cosw(t —ty)]) if to+1 <t



(c) Letting n — oo, we see that

. 0 if t< to
Jim Yn(t) = {sin(w(tto)) T

® From Problem 6c¢, we get the initial conditions yy = y;, = 0. So, taking
Laplace transforms, we get

(p+1)%Y = L(§(t —ty)).

According to L6, the Laplace transform of te* is m. Therefore,

Y =L (te™") L(6(t — to)).
According to L28,
y(t) = (t — to)e” 0u(t — ).

® According to 35, taking Laplace transforms yields
(r' = 1)Y = L(3(t —t)).

According to Problem 1 of HW12, the Laplace transform of MQ_SM is
ﬁ. Therefore,

Y = [, (sinth—sint) L ((S(t . tO)) '

According to L28,

y(t) __ sinh (t—t0)2—sin (t—to)u(t o t())-




O Chapter 8, Section 12, Problem 2.
Use (12.6) to solve (12.1) when f(t) = sinwt.

® Chapter 8, Section 12, Problem 6.

0 0<t<t
For Problem 10.17, show that G(t,t') = < Gna.er) Loy :
—_— >

Thus write the solution to 10.17 as an integral similar to (12.6) and

evaluate it.

® Chapter 8, Section 12, Problem 8.
Solve the differential equation y" + 2y’ +y = f(t), yo = y, = 0, where

f(t){l 0<t<a

0 t > a.

As in Problems 6 and 7, find the Green function for the problem and use
it in

y(t) = /OOO G(t, ") f(t) dt'. (12.4)

Consider the cases t < a and t > a separately.

Solution:

@ We have from (12.6) that

y(t) = /0 %sinw(t —7)f(T)dr

I
€ |—

¢
/ sinw(t — 7) sinwr dr
0

t
/ (sin wt cos wT — sin wt coswt) sinwT dr
0

€ |—

t
/ (sin wt cos wT sin wT — sin w7 coswt sinwr) d1
0

El— &~

( 1—cos 2wt

in 2
o sin wt]) )

sinwt — coswt[f — 222



® The Green function satisfies
dtQG(t t" — a*G(t, V') = 6(t —t')

with G and %G equal to 0 on ¢t = 0. To solve for G, we take the Laplace
transform of the differential equation to get

(p" — a*)L[G] = Llo(t — )],

According to L9, L[#hel] — Therefore

- a2

LIG) = 577 = L[ L[5t~ ¢')].

p*—a

By L28, |
G(t, 1) = 22l '),

Now we solve for y = y(t):
=[G () dt = [T Gt t)at

_ / sinh a(t— t)dt/
0 a

__cosha(t—t') ¢

t'=0



® The Green function satisfies
LAt )+ 24G(t,t) + G(t,t) = 5(t — ')

with G and %G equal to 0 on ¢t = 0. To solve for G, we take the Laplace
transform of the differential equation to get

(P> +2p+ 1)L[G] = L[5(t — t')).

Since 4 = -, Llte /] =

il = R . Therefore

(p+1)?

LIG] = S5 = Lite |L[3(t —t')].

By L28,
G(t,t") = (t — e Du(t — ).

Now we solve for y = y(t):
= [CG) () dt = [ G(t,t)at
it —t)e t=dr  ifo<t<a
[ft—t)e ay ifo<a<t

Since
[(t—t)e 0 dt = (t -t + 1)e” 1)

if 0 <t < a, then

N
y(t) = (t —t' +1)e 1

= 1—(t+ et
o (t+1)e ™

if t > a, then

y(t) = (t —t' + e 1)




Use

y(z) = — cos /0 (sinz) f(z) dF — sina /0 " st @) dz (12.17)
to find the solution of
y' +y=f(x) (12.7)
with y(0) = y(7/2) = 0 when the forcing function is given f(x).
O Chapter 8, Section 12, Problem 11.
f(z) =sin2x
® Chapter 8, Section 12, Problem 13.

K O<z<m/4
fle) = {77'/2—33 T/ <z <m/2

Solution:
(1
x /2
y(zr) = —cosx/ sini:sin?:%di:—sinx/ cos T sin 27 dz
0 0
_ 3z |* _ 3% /2
_ s T sin3zx o T cos3T
— —cosa (sing —3) | —sinw (cosg — ) |
_ Lxsindey V2
= —cosz (sin % L) — sinw

® We have two cases: © < 7/4 and z > /4.
For x < w/4,

x /4 /2
y(x):—cosx/ TSInT dT —sinx (/ fcosa‘:da?"+/ (gx)cosxda:>
0 0 /4

w/2
x=7r/4>

= —cosx (sinZT — T cos T)

z=0
/2

/4
.+ §sinZ — (cosT + Tsin )

—sinz ((cos:i‘ + Zsin7)

= —cosx (sinx — x cosx)

~(CE+PE-D30 - -G F - 1) sins
= —cosz (sinz — zcosz) — (V2 —1)sinz

8



For x > 7 /4,

/4 x
y(r) = —cosx (/ a‘:sini‘df+/ (%x)sinxdw)
0 /4
/4 /2
—sinz / fcos:ﬁder/ (5 —Z)coszdx
0 /4

/4 x

5 COST — (sinZ — T cos ¥)
Tz=n/4

=0

= —COoSX <(sin£—icosf) J_: /4)
— (V2 —1)sing

= —cosw ((\/75 — %g) — 5(cosx — \/75) — (Sinx—xcosx— (72 — %%)))
— (V2 —1)sing

= —CoSx (\/5— %cosx—sinx+xcosx) — (V2 —1)sinz



®© 7.2
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